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Nonlinear Flight Control Using Neural Networks

Byoung S. Kim¤ and Anthony J. Calise†

Georgia Institute of Technology, Atlanta, Georgia 30332-0150

The theoretical developmentofa direct adaptivetracking controlarchitecture using neuralnetworks ispresented.
Emphasis is placed on utilization of neural networks in a � ight control architecture based on feedback linearization
of the aircraft dynamics. Neural networks are used to represent the nonlinear inverse transformation needed for
feedback linearization. Neural networks may be � rst trained off line using a nominal mathematical model, which
provides an approximate inversion that can accommodate the total � ight envelope. Neural networks capable
of on-line learning are required to compensate for inversion error, which may arise from imperfect modeling,
approximate inversion, or sudden changes in aircraft dynamics. A stable weights adjustment rule for the on-line
neural network is derived. Under mild assumptions on the nonlinearities representing the inversion error, the
adaptation algorithm ensures that all of the signals in the loop are uniformly bounded and that the weights of
the on-line neural network tend to constant values. Simulation results for an F-18 aircraft model are presented to
illustrate the performance of the on-line neural network based adaptation algorithm.

I. Introduction

C ONTROL of nonlinear systems by feedback linearization is
well known and has been applied to controlof a wide varietyof

nonlineardynamicsystems. In particular,this approachhas gaineda
great deal attention in aircraft � ight control through theoretical and
applied investigations, culminating with a number of actual � ight
tests.1;2 These applicationshave employed separate inner and outer
loop inversions based on a two time scale approximation normally
inherent in aircraft dynamics. This allows the inverse design to be
performed without state transformation because the dynamics for
each loop (when considered separately) are square (number of con-
trols equals the number of degrees of freedom). More recent studies
have incorporated robust synthesis methods for the outer loop.3;4

From a designviewpoint, the main advantagesare that the nonlinear
dynamics of the aircraft are transformed to an equivalent linear sys-
tem, which has a standard form. The linear model is used to design
a controller to achieve a desired response to pilot commands, based
on handling qualities criteria and maneuvering objectives. Hence,
the cost associated with the design of a � ight control system can be
signi� cantly reduced in comparisonto a gain scheduleddesign.Per-
formance can also be enhanced because many of the uncertainties
associated with small perturbation linearized models are removed.

The primary dif� culty associated with the use of feedback lin-
earization for aircraft � ight control is that a detailed knowledge
of the nonlinear plant dynamics is required. A secondary issue is
that accurate full-envelope nonlinear inversion is computationally
intensive. A high-� delity nonlinear force and moment model must
be constructed and inverted in real time. Neural networks offer the
potential to overcome these dif� culties through a combination of
both off-line and on-line (i.e., in-� ight) learning.

Recently, neural networks have been proposed as feedforward
inverse dynamics controllers. Sanner and Slotine5 developed a di-
rect adaptive tracking control architecture using Gaussian radial
basis function networks to adaptively compensate for plant non-
linearities. Gomi and Kawato6 have also proposed similar learn-
ing control schemes using neural networks. These neural network
controllers look very much like adaptive elements. The connection
between neural network controllers and adaptive controllers was
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also exploited by Narendra and Parthasarathy.7 They view neural
networks as highly nonlinearcontrol elements that offer distinct ad-
vantages over conventional linear parameter adaptive controllers in
achieving desired system performance.

There are a number of � ight control applications reported that il-
lustrate the on-line learning capability of neural networks. Troudet
et al.8 designed a model-followingneurocontrollerfor an integrated
airframe/propulsion linearized model of a modern � ghter aircraft.
Only the piloted longitudinallanding task was considered.Sing and
Wells9 used a radial basis network with on-line weight adaptationto
suppress wing rock for a slender delta wing con� guration, using a
simpli� ed analyticalmodel for wing rock. Sadhukhan and Feteih10

combined neural control with dynamic inversion. Their study was
limited to examining the linearized longitudinaldynamics of an A8
aircraft.NapolitanoandKincheloe11 employanextendedbackprop-
agation algorithm to evaluate various neural network-baseddesigns
of autopilot systems for implementing a variety of � ight control
functions. They used a six-degree-of-freedom aircraft simulation
code in their study.

This paper presents the design and evaluation of a � ight con-
troller using neural networks and demonstrates the feasibility of
applying this approach to an aircraft � ight control design.Emphasis
is placed on 1) use of a command and stability augmentation sys-
tem architecture based on feedback linearization using an off-line
trained network to invert the nonlinearities and 2) development of
an on-line adaptive architecture that employs a second neural net-
work to compensate for inversion error. A stable weight adjustment
rule for the second neural network is derived using a Lyapunov-like
function. We prove stability in the presence of bounded realization
error of the off-line trained network.Under mild assumptionson the
nonlinearities representing the inversion error, the adaptation algo-
rithmensures that all of the signalsin theadaptiveloop areuniformly
boundedwhena deadzone is applied,and that the weightsof the sec-
ond neural network tend to constant values. The on-line adaptation
approachused employsconcepts from Ref. 5, wherein the dynamics
are linear in the control variable. The main extension here is to the
case where the dynamics are nonlinear in both the states and the
controls. Nonlinearity in the control is an important issue with the
adventof low-visibilityaircraftand the increasingneed for agility in
� ghter aircraft.The second major contributionof this paper lies in a
detailedapplicationto designof an adaptivecommandaugmentation
system that treats the six-degree-of-freedom nonlinear dynamics of
aircraft motion. Although separate autopilot functions are design
for each degree of freedom, the on-line network accounts for non-
linear coupling effects. The dead zone approach to the adaptation
employed here was � rst developedin Ref. 12. References 13 and 14
provide some backgroundand de� nitions for readers who are unfa-
miliar with neural networks and the related terminologyemployed.
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The paper is organized as follows. Section II presents an ap-
proach for combining feedback linearization and neural networks
and especially focuses on the theoretical background of a direct
adaptive trackingcontrol architecture.A stabilityproof is presented
alongwith an analysis that shows that all signalswithin the resulting
closed-loop system are uniformly bounded. Section III outlines an
aircraftapplicationof the approachdevelopedin Sec. II, and Sec. IV
summarizes an evaluation of the design from Sec. III for a high-g
turn maneuver. Conclusions are given in Sec. V.

II. Nonlinear Control Using Feedback
Linearization and Neural Networks

A. Derivation of the Linearizing Transformation
Consider an n-degree-of-freedom nonlinear dynamic system of

the form

Rx D f.x; Px; ±/ (1)

where x.t/, Px.t/ 2 Rn are the state variables,±.t/ 2 Rm is the con-
trol variable, and f is a mapping from a domain Rn £ Rn £ Rm into
Rn . The simple case arises when n D m, which is called a square
system. If f .x; Px; ¢/ is invertible and x; Px are measurable, the pre-
ceding system can be transformed to the form

Rx D u (2)

u D f.x; Px; ±/ (3)

where u.t/ 2 Rn is the pseudocontrol variable. Equation (3) is the
linearizing transformation using state feedback. Note that in this
transformationonly the control variable is transformed.

The inverse transformationof Eq. (3) is expressed in the form

± D f ¡1.x; Px; u/ (4)

To implement the control techniquea means to compute the inverse
transformationin Eq. (4) is required.A neural network may be used
to realize this inverse transformationand producean approximation
. Of ¡1/ of the inverse transformationwhen implementedin hardware.
Initial trainingof theneuralnetworkmay be conductedprior to � ight
with input–outputpairs generatedfroma mathematicalmodel. Such
model-based training is referred to as off-line training. The block
diagram shown in Fig. 1 depicts an off-line trained neural network
(NN1) being used to implement the inversion process of Eq. (4).

If f is perfectlyknown and the realizationof f ¡1 with the neural
network is perfect, then one has a linear transformedsystem exactly
as in Eq. (2). Unfortunately, more often than not, the information
about f and the realization of the neural network are not perfect.

Now, consider a representation of the inversion error in Eq. (2)
as follows:

Rx D u C D 0.x; Px; u/ (5)

Fig. 1 Implementation of the off-line trained neural network.

Fig. 2 Implementation of the on-line neural network in the adaptive control scheme.

where

D 0.x; Px; u/ D f .x; Px; O±/ ¡ f .x; Px; ±/ (6)

and D 0 : Rn £ Rn £ Rn ! Rn is a mapping representing the in-
version error. In Eq. (6) O± D Of¡1.x; Px; u/ is the NN1 realization
of f ¡1. Equation (5) is shown in the dotted box in Fig. 2 for the
i th control channel,which also depicts a conventionalproportional-
plus-derivative(PD) linear controllerarchitecture.Note that the un-
known nonlinear term D 0 is a functionof the pseudocontrolvariable
u in addition to the state variables. Thus, the choice of the control
structure affects the inversion error.

B. Direct Adaptive Control Using Neural Networks
The adaptive control structure for each channel is chosen as

ui .t/ D updi .t/ C Rxci .t/ ¡ Ouadi .t/; i D 1; 2; : : : ; n (7)

where updi is a PD controland the Ouadi is an adaptivecontrol.The PD
control is used to shape system response, and the adaptive control
is used to compensate for the inversion error during operation. Let
updi be de� ned by

updi .t/ D kpi

£
xci .t/ ¡ xi .t/

¤
C kdi

£
Pxci .t/ ¡ Pxi .t/

¤

i D 1; 2; : : : ; n (8)

where xci and Pxci are the position and velocity commands. The
parameters k pi and kdi are the proportional and derivative control
gains, which are designed so that the system in Eq. (5) is stable and
performance speci� cations (settling time, overshoot, etc.) are met
for 10

i D 0. The adaptive term Ouadi is used to compensate for the
inversion error 10

i during operation. It will be realized by a second
neural network (NN2i ), also depicted in Fig. 2, where u.¡i/ denotes
u with the ui element deleted.

Using Eq. (7) in Eq. (5) the error dynamics become

RQx i C kdi
PQx i C kpi Qxi D Ouadi ¡ 10

i .x; Px; u/; i D 1; 2; : : : ; n (9)

where Qxi D xci ¡ xi . In state-space form, we have

Pei D Ai ei C b
£

Ouadi ¡ 10
i .x; Px; u/

¤
; i D 1; 2; : : : ; n (10)

where eT
i D [ Qxi

PQx i ], and

Ai D
µ

0 1

¡kpi ¡kdi

¶
b D

µ
0

1

¶
(11)

Note that in general Eq. (10) is nonautonomous due to the depen-
dence of 10

i in Eq. (9) on x, Px, and u, which in turn depend on
xc.t/, Pxc.t/, and Rxc.t/. The ideal purpose of Ouadi is to cancel the
inversion error 10

i so that the error states go to zero asymptotically.
Let O10

i be an realizationof 10
i when neural networks with a � nite

number N of basis functions ¯i j are used:

O10
i .x; Px; u/ D

NX

j D 1

Owi j .t/¯
0
i j .x; Px; u/ D OwT

i .t/¯0
i .x; Px; u/

i D 1; 2; : : : ; n (12)
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De� ne

O10¤
i .x; Px; u/ D

NX

j D 1

w¤
i j ¯

0
i j .x; Px; u/ D w¤T

i ¯0
i .x; Px; u/

i D 1; 2; : : : ; n (13)

where w¤
i is the value obtained when Owi is optimized over some

compact domain D of fx; Px; ug D d of interest. For example, we
may de� ne

w¤
i D arg

n
min

Owi

max
d2D

j10
i .d/ ¡ O10

i .d/j
o

(14)

If "i > 0 is the upper value of the min–max problem just de� ned,
then

­­10
i .d/ ¡ O10¤

i .d/
­­· "i 8d 2 D (15)

Note that for � xed N , "i dependson the choiceof the basis functions
and the accuracy of NN1, which determines jD 0

i j, 8d 2 D.
Assumption 1: There exists a � xed point Ouadi of O10

i for all d 2 D
such that

Ouadi ¡ O10
i

¡
x; Px; u.¡i /; updi

C Rxci ¡ Ouadi

¢
D 0; i D 1; 2; : : : ; n

(16)

This ensures the existence of Ouadi (see Fig. 2). Because Eq. (16) is a
scalar condition, it is easily guaranteedby any set of basis functions
.¯i j / that are continuous and bounded functions of u i . Based on
Eq. (12), the adaptive control signal of NN2i is chosen as

Ouadi .t/ D
NX

j D 1

Owi j .t/¯
0
i j .x; Px; u/ D OwT

i .t/¯0
i .x; Px; u/ (17)

where the Owi .t/ 2 RN comprise the weights Owi j .t/ of NN2i to be
updated on line. Note that the adaptive control Ouadi in Eq. (17) is
linearly parameterized. This feature makes it possible to derive a
suitableon-line adaptation rule. In the followingdevelopment,only
neural networks whose weights (parameters to be updated) appear
linearly in their output descriptionare consideredfor NN2 in Fig. 2.

The estimation error is represented as

Ouadi ¡ O10¤
i D QwT

i .t/¯0
i .x; Px; u/ D QwT

i .t/¯i .t; e; Qw/

i D 1; 2; : : : ; n (18)

where

Qwi .t/ D Owi .t/ ¡ w¤
i (19)

and Qwi .t/ 2 R N is the parameter estimation error vector for NN2i .
Recall that 10

i and ¯0
i are functions of x, Px, and u, which in turn

depend on t , e, and Qw through Eqs. (7), (17), and (19). In Eq. (18),
the � rst functional dependence is used in actual neural network
implementationas illustrated in Fig. 2 and the second is used in the
stability analysis.

From Eq. (18) the forcing term in Eq. (10) satis� es

Ouadi ¡ 10
i .x; Px; u/ D

¡
Ouadi ¡ O10¤

i

¢
C

£
O10¤

i .x; Px; u/ ¡ 10
i .x; Px; u/

¤

D QwT
i ¯i .t ; e; Qw/ C

£
O1¤

i .t; e; Qw/ ¡ 1i .t; e; Qw/
¤

(20)

Under Assumption1 expressedin Eq. (16), an equivalentexpression
for Eq. (10) is

Pei D Ai ei C b QwT
i ¯i C b

¡
O1¤

i ¡ 1i

¢
; i D 1; 2; : : : ; n (21)

The adaptation rule is chosen as follows:

PQwi D
»

¡°i eT
i Pi b¯i .t; e; Qw/; when kei kPi > Ei

0; when kei kPi · Ei

i D 1; 2; : : : ; n (22)

where kei kPi denotes
p

.eT
i Pi ei /; °i > 0 is the adaptation gain (or

learning rate), ¯i is an equivalent expression for the basis function

vector as shown in Eq. (18), and P0i is a .2£2/ symmetric,positive-
de� nite matrix satisfying

Pi Ai C AT
i Pi D ¡I ; i D 1; 2; : : : ; n (23)

the solution of which is given by

Pi D

2

664

kdi

2kpi

C
kpi

2kdi

³
1 C 1

kpi

´
1

2k pi

1

2k pi

1

2kdi

³
1 C 1

kpi

´

3

775 (24)

In the adaptation rule of Eq. (22) the parameters are adjusted
only when the norm of the state errorvector lies outside a dead
zone, whose size is de� ned by Ei . A larger Ei implies that a larger
error state is tolerated and that adaptation takes place over shorter
total time.

Whereas the analysis of the adaptive system is carried out using
Eq. (22), implementationof the adaptivelaw uses the � rst functional
dependence of Eq. (18), which means that the adaptation rule is
implemented as

POwi D
»

¡°i eT
i Pi b¯0

i .x; Px; u/; when kei kPi > Ei

0; when kei kPi · Ei

i D 1; 2; : : : ; n (25)

Note that the adaptive law in Eq. (25) only requires on-line quadra-
ture and that it can be implemented in parallel.

Theorem 1: All signals in the .2 C N /n-dimensional system, de-
scribedby Eqs. (21) and (22), areuniformlyboundedif the following
conditions are satis� ed:

1) Assumption 1 is satis� ed.
2) The compactdomain D for which Eq. (15) holds is suf� ciently

large.
3) The size of dead zone for each channel is determined by Ei ¸

2"i [ Ņ .Pi /]3=2 , where Ņ .X / denotes the maximum eigenvalue of X .
Moreover, for "i D 0 (no NN2i approximation error), the error
dynamics Eq. (21) are asymptotically stable.

Proof: See Appendix.
Remark: The properchoice for the size of the dead zone is crucial

for establishinguniformstability.From condition2 andEq. (24), this
is dependent on the PD control gains kpi and kdi , and on the bound
"i in Eq. (15). Hence, the prior knowledge needed to estimate the
size of the dead zone is the bound "i .

Theorem 2: If conditions1–3 of Theorem 1 are satis� ed, then the
total time during which adaptation takes place is � nite, and k Qwi k2

decreases a � nite amount every time the trajectory leaves and re-
enters the dead zone. Moreover, in the limit as t ! 1; ei .t/ lies
inside the dead zone and Qwi .t/ ! a constant.

Proof: See Appendix.
Remark: The nature of the trajectories is illustrated in a two-

dimensionalspaceas shownin Fig. 3 (Ref. 12). This � gure illustrates
the propertiesguaranteedby Theorem 2, includingseveral intervals
during which adaptation takes place, ultimately culminating in a

Fig. 3 Illustration of the properties shown in Theorem 2.
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steady-state condition in which kei kPi · Ei and no adaptation oc-
curs . Qwi D 0/. In Fig. 3 thedottedarcs representcontoursof constant
Vi D [kei k2

Pi
C k Qwi k2

2=°i ]=2, and the break line parallel to the verti-
cal axis depicts the boundary of the dead zone. From Theorem 1, if
"i D 0, then Ei may be reduced to zero and ei .t/ ! 0 as t ! 1.

III. Application to Aircraft Flight Control
A. Command Argumentation System Design

Figure 4 depicts the architecture of a command augmentation
system (CAS) design based on feedback linearization for an air-
craft. The pilot inputs to the CAS are chosen as roll rate command
and normal acceleration command. The CAS is required to stabi-
lize the airframe while following normal acceleration and roll rate
commands from the pilot. In addition to these functions, the CAS
has responsibilityfor maintaining zero angle of sideslip during ma-
neuvers. The aircraft of interest is an F-18, for which the following
controls were selected: ±hL .±hR / D left (right) stabilator and ±r D
rudder. Reference 15 details the design of the command augmen-
tation logic and the command transformation from body rates to
Euler angle rates. Reference 15 also provides baseline performance
results for a set of maneuversusing a nearly exact (but nonadaptive)
inverse of the aircraft moment equations.

The role of neural networks in this architecture is divided to two
functions:1) an off-line learningintendedto providenominal input–
output mapping using the mathematical model of an aircraft and
2) an adaptive network that compensates for imperfect inversion
and in-� ight changes in the actual aircraft dynamics. The theory
developed in Sec. II is applied only to the attitude loop depicted in
Fig. 4, with the slowerdynamicsof the outer loopregardedas frozen.
The command augmentation logic has been designed to ensure that
this two time scale property is preserved at all � ight conditions.16

B. Off-Line Neural Network Design
The keypurposeof theoff-lineneuralnetwork(NN1) is to approx-

imately invert the vehicle attitudedynamics using an implementible
architecture. By inversion we mean given the desired angular ac-
celerations(Ui in Fig. 4), determine the required control de� ection.
It is important to optimize the topology of NN1 for this purpose.
Training of the neural networks to represent the inverse mapping
of plant dynamics from moment coef� cients to control de� ections,
instead of from angular accelerations to control de� ections, facili-
tates a representationof the mapping that is less sensitive to altitude
and Mach number variation. This considerably reduces network
complexity and the effort required in training. The detailed com-
putational � ow for the inversion using neural networks is given in
Fig. 5, where ±e D .±hL C±hR /=2 is the effectiveelevatorde� ection
and ±t D .±hL ¡ ±hR /=2 is the effective differential tail de� ection.

Fig. 4 Command augmentation system for an aircraft.

Fig. 5 Computational � ow for neural network based inversion.

A blind application of the network architecture may require a
prohibitive number of neurons. Careful examination of the depen-
dence of the aerodynamic moment data on � ight condition and
control de� ections allowed development of an ef� cient network
architecture made up of a combination of radial basis functions
units and sigma-pi units in this application. Reference 16 pro-
vides a more detailed justi� cation for the design of the off-line
network architecture, which is de� ned in equation form as fol-
lows.

Longitudinal network:

±e D
N C 1X

j D 1

¡
x1 j C x2 j h C x3 j Q C x4 j CM C x5 j hCM

C x6 j Q
2 C x7 j QCM C x8 j C

2
M

¢
Á j .®; M/ (26)

Lateral network:

±t D
N C 1X

j D 1

.y1 j C y2 j h C y3 j P C y4 j R C y5 j CL C y6 j CN

C y7 j h P C y8 j h R C y9 j hCL C y10 j hCN /Á j .®; M/ (27)

±r D
N C 1X

j D 1

.z1 j C z2 j h C z3 j P C z4 j R C z5 j CL C z6 j CN

C z7 j h P C z8 j hR C z9 j hCL C z10 j hCN /Á j .®; M / (28)

In Eqs. (26–28) xi j , yi j , and zi j are the weights, Á j are radial ba-
sis functions (two-dimensional Gaussian functions), and N is the
number of radial basis function units.

Trainingdata (Ui and ±i pairs)were arti� ciallygeneratedat differ-
ent � ightconditionsfromsimulationsoftware (4275for longitudinal
and 30,240 for lateral network training). An example envelope of
� ight conditions is presented in Fig. 6 for an F-18 aircraft model
that was used for concept demonstration. Training data were gen-
erated uniformly over the domain of � ight conditions and control
surface de� ection indicated in the � gure. Because the weights ap-
pear linearlyas shown in Eqs. (26–28), a standardlinear least square
approximation method was used as the training method. The cen-
ters and sigma values of the Gaussian functions, Á j , were adjusted
experimentally to improve the approximation.

C. On-Line Neural Network Design and Direct Adaptive Control
Under the assumption that the inversion error 1 is decoupled,

that is, 1i D 1i .M; ®; h; xi ; Pxi ; u i /; i D Á; µ; Ã , all channels of
roll, pitch, and yaw motions are decoupled. This assumption is not
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Fig. 6 Off-line trainingenvelope:0 · H · 40,000, ¡ 1.5 · p · 1.5, ¡ 1.5
· q · 1.5, ¡ 1.0 · r · 1.0, ¡ 24 · ±e · 10.5 deg, ¡ 21 · ±t · 21 deg, and
¡ 30 · ±r · 30 deg.

Fig. 7 Structure of the on-line adaptive neural network for each chan-
nel.

necessary for application of the theory, but is employed to reduce
the size and complexity of NN2 for implementation.

The NN2i for each channel of attitude motion was chosen to
satisfy the form expressed in Eq. (17) in which the weights ap-
pear linearly. The basis functions have a functional dependence on
M; ®; h; ui , and corresponding attitude angle and attitude angular
rate. The functional dependency of 1i on corresponding attitude
angle and attitude angular rate was neglected to reduce the num-
ber of inputs to NN2i . Because the dimension of the basis function
neural network increases exponentiallywith the number of network
inputs, reductionof the numberof inputs from 6 to 4 results in a sub-
stantial reduction in the required size of the neural network. Thus,
the adaptive control signals in Eq. (17) were represented as fol-
lows:

uadÁ
D

NX

j D 1

OwÁ; j ¯ j .M; ®; h; uÁ /

uadµ
D

NX

j D 1

Owµ ; j ¯ j .M; ®; h; uµ / (29)

uadÃ
D

NX

j D 1

OwÃ; j ¯ j .M; ®; h; uÃ /

The structureof NN2i for each channel is shown in Fig. 7. For this
network 21 radial basis function units and 40 sigma-pi units were
employed to build the basis functions. Thus, the total number of

weights for each neural network is 840. One-dimensionalGaussian
functions were used as radial basis functions for M . The center and
sigma values of the Gaussian functions were adjusted to improve
the approximation, i.e., more dense centers were placed in the tran-
sonic region (i.e., near Mach 1). For ®, sigma-pi units (polynomial
representations) were used up to fourth order. For h, sigma-pi units
were used up to � rst order, and for uci , units up to third order were
employed.The resultingdescriptionfor each basis functionof NN2i

is as follows:

¯ j .M; ®; h; u i / D ’k.M/®l hmun
i ; i D Á; µ; Ã (30)

where k D 1; : : : ; 21; l D 0; : : : ; 4; m D 0; 1; and n D 0; : : : ; 3.
The prescribed architecture of NN2 does not necessarily represent
the optimum network size for practical hardware implementation.

From Eq. (25), theadaptationrule for each neuralnetwork (NN2i )
is as follows:

POwÁ D ¡°ÁsÁ¯Á .M; ®; h; uÁ /

POwµ D ¡°µ sµ ¯µ .M; ®; h; uµ / (31)

POwÃ D ¡°Ã sÃ ¯Ã .M; ®; h; uÃ /

where

si D eT
i P0i b D

¡
1=2k pi

¢
Qxi C

¡
1=2kdi

¢£
1 C

¡
1=kpi

¢¤ PQxi

i D Á; µ; Ã (32)

The elements of Owi and ¯i ; i D Á; µ; Ã , represent the weight vec-
tor and basis function vector in each on-line neural network. The
quantity °i is an adaptation gain for each channel. No dead zone
was applied, which amounts to the assumption that near perfect re-
alization of the inversion error is attainable ["i D 0 in Eq. (15)].
The parameters k pi and kdi were chosen to provide a 1% settling
time of 0.8 s and a damping ratio of 0.707 for the attitude loops.
The 1% settling time for the outer command augmentationloop was
designed to be 2.4 s. The outer loop designed was slightly modi� ed
from that of Ref. 15. The details may be found in Ref. 16.

IV. Simulation Results
The maneuverchosen to illustratetheCAS performanceis a high-

g, � xed throttle turn, taken from Ref. 15. The simulation model was
obtained from NASA Dryden Research Center and contains a de-
tailed aerodynamic representation. Simple � rst-order models were
used to model actuatordynamics,and no sensor noisewas modeled.
Starting at M0 D 0:6 and h0 D 10;000 ft, a roll rate command of 10
deg/s is given until Á D 80 deg. The normal acceleration is main-
tained at 1.0 g during the roll maneuver.This is followed by a 5.0-g
normal acceleration command that is maintained till the end of the
maneuver. The throttle is maintained at 100% throughout the ma-
neuver. This is a challengingmaneuver because the aircraft starts at
a subsonic Mach number and reaches a supersonicvalue at the end.
All simulations were conductedusing a predictor-correctormethod
with 1t D 0:0058 s.

Figure 8 illustrates a sample of the statistical measures used to
evaluate the performance of the NN1-based inversion, by showing
the effect that initial altitude and Mach number have on the rms
error of the network output for left stabilator.The errors were com-
puted by simultaneously computing the near exact inversion using
the methodofRef. 15 at each integrationstep and taking the rms over
each trajectory. Only the NN1 output was actually applied to con-
trol the aircraft in the simulation. It can be seen that for h0 D 10;000
ft, the worst-case rms error increases for both low and high initial
Mach numbers. That is because some portion of the � ight is out-
side the training range of Fig. 8. For M0 D 0:5 the starting Mach
number lies below the training range, and for M0 D 0:9 the Mach
number exceeds 1.2 during a middle portion of the maneuver. A
moving average of the rms error is illustrated in the lower portion
of Fig. 8 that exhibits this effect as a function of time. Also note
the maneuver initiated at M0 D 0:7 and h0 D 20;000 ft exhibits a
large rms error that is sustained over the last 15 s of � ight. Over this
portion of the trajectory the Mach number is nearly constant at near
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Fig. 8 Root mean square error of the NN1-based CAS for a series of
� xed-throttle, high-g turn.

Fig. 9 Rootmean square error of the NN1+NN2-based CAS for a series
of � xed-throttle, high-g turn.

1.0. Although this lies within the training range, it corresponds to
a region where the errors were larger than average due to the more
complex variation that the aerodynamic data exhibits near Mach 1.
That is, an off-line trained network with weights trained to provide
good averageperformanceover a given envelopeof data can exhibit
large errors within a portion of the envelope that has a high degree
of complexity in its mapping.

Figure 9 examines statisticalmeasures for the performanceof the
NN1CNN2-based inversion. Note that the rms errors in Fig. 9 are
an order of magnitude lower than those of Fig. 8. The lower portion
of Fig. 9 (moving average results) reveals that the errors (where
they are larger) take on a totally different character in that they are
of extremely short duration in comparison to the lower portion of
Fig. 8. For example, the M0 D 0:5, h0 D 10;000 ft result initially
starts outside the NN1 training envelope, which explains the higher
initial error. However, this error is rapidly reduced by the on-line
weight adjustment algorithm used in NN2. Rapid adaptation also
occurs near t D 8 s into the maneuver when the high-g turn is
initiated and roll rate is rapidly commanded to zero. The M0 D 0:7,

Fig. 10 Performance results of the NN2-based controller for the � ight
inside the off-line training region, M0 = 0.6, h0 = 10,000 ft.

Fig. 11 Performance results of the NN2-based controller for the � ight
outside the off-line training region, M0 = 0.8, h0 = 10,000 ft.

Fig. 12 Performance results of the NN2-based controller with 30% loss
of left stabilator effectiveness, M0 = 0.6, h0 = 10,000 ft.

h0 D 20;000 ft results demonstrate the on-line learning that occurs
within the training envelope of NN1. Here, the sustained rms error
of Fig. 8 (due to � ight in the transonic region) is nearly completely
eliminated. These results are typical of all of the statistical studies
performed to date.

A sample simulation result for the high-g turn maneuver is given
in Fig. 10. With full throttle, the � ight speed reaches a Mach num-
ber of 1.1 at the end of the maneuver. Thus, this maneuver stays
inside the NN1 training envelope. The resulting normal accelera-
tion responses with NN1 and with NN1CNN2 are compared. Note
that a signi� cant improvement in tracking performance is achieved
with the action of NN2. The NN1 tracking errors occur mainly as
the aircraft passes through the transonic region. Figure 11 presents
an example of what occurs when the aircraft is � own outside the
training envelop for NN1, starting at M0 D 0:8 and h0 D 10;000 ft.
Note that the control with NN1 alone becomes unstable. Figure 12
shows the roll rate response for the same case as in Fig. 10, but with
an unexpected 30% loss in left stabilator effectiveness.

Another interestingfeature is that all of the NN1CNN2 responses
to the 5.0-g command (starting at 8.0 s in Figs. 10 and 11) are � rst
order (no overshoot and a settling time of approximately 2.4 s),
which is exactly what the outer-loop command augmentation logic
of Fig. 4 was designed to accomplish. That is, if the inner-loop
attitude orientation system response corresponds to that of exact
inversion (and with knowledge of partial failure), we would expect
a � rst-order tracking error response in normal acceleration. These
responses show that NN2 is able to closely approximate perfect
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inversion without knowledge of the uncertainties due to imperfect
inversionand suddenchanges in aircraft con� guration.Thus, robust
performance is achieved in the sense that the aircraft not only re-
mains stable, but also continuesto satisfyhandlingqualitiescriteria.
A predictable response (with minimal overshoot) is maintained in
the presence of large-scale modeling uncertainties and partial fail-
ures. A possible explanation for such outstanding performance is
that NN2 serves as a short-term memory device, which computes a
best � t of its basis functions to cancel the NN1 inversion error for
the local (current M , h, and ®) conditions.Additional statisticaland
trajectoryresults evaluatingNN1 and NN1CNN2 performancemay
be found in Ref. 16, including time historiesof all the trajectoryand
control variables. Applications of this methodology to helicopter
� ight control and missile autopilot design can be found in Refs. 17
and 18. In these applications, the approximate inversions are based
on a linearizedaerodynamicrepresentationof the force and moment
maps at a single � ight condition.

V. Conclusions
There are three main conclusions to be drawn from this research.

First, feedback linearization is an alternative to gain scheduling,
which holds the potential for simplifying the problem of � ight con-
trol system design for high-performance� ghter aircraft. Second, it
is possible to design neural networks that are capable of internally
representing the inversion needed to make feedback linearization a
viable approach to real-time implementation of full envelope � ight
control systems. This requires that careful attention be given to the
selectionof the network architecturein concertwith the demands of
network training. Third, an on-line adaptive neural network is able
to closely approximate perfect inversion without full knowledge of
uncertainties.Experiencewith this approachhas shown outstanding
potential for rapid and accurate adaptation, even in the presence of
partial actuation failure.

Appendix: Proofs of Theorems 1 and 2
Proof of Theorem 1: De� ne

V .e; Qw/ D
nX

i D 1

Vi .ei ; Qwi / (A1)

Vi .ei ; Qwi / D
»

1
2 eT

i Pi ei C .1=2°i / QwT
i Qwi ; when kei kPi > Ei

Ei C .1=2°i / QwT
i Qwi ; when kei kPi · Ei

(A2)

where ei and Qwi are the error state vector and the parameter esti-
mation error vector for each channel, respectively. Pi is a .2 £ 2/
symmetric positive-de�nite matrix satisfying

Pi Ai C AT
i Pi D ¡Q i ; Q i D QT

i > 0 (A3)

The existence of Pi D PT
i > 0 is guaranteed by the fact that Ai is

Hurwitz.
Outside the dead zone, the time derivativeof Vi along any trajec-

tory of Eqs. (21) and (22) is given by

PVi D 1
2
eT

i Qi ei C eT
i Pi b

©
QwT

i ¯i C
¡

O1¤
i ¡ 1i

¢ª
C .1=°i / QwT

i
PQwi (A4)

Using Eq. (15), it follows that

PVi · ¡ 1
2 eT

i Q i ei C "i

­­eT
i Pi b

­­C QwT
i

£
eT

i Pi b¯i C .1=°i / PQwi

¤
(A5)

Adopting the form in Eq. (22) for the adaptation law reduces the
last term in Eq. (A5) to zero. Thus, outside the dead zone we have

PV ·
nX

i D 1

³
¡ 1

2
eT

i Q i ei C "i

­­eT
i Pi b

­­
´

·
nX

i D 1

kei kPi

»
¡

1

2
kei kPi

¸.Q i /

Ņ .Pi /
C "i [ Ņ .Pi /]

1
2

¼
(A6)

where kbk2 D 1 for b de� ned in Eq. (11). Each PVi is negative when
the dead zone size is chosen to satisfy

Ei ¸ 2"i [ Ņ .Pi /]
3
2

¸.Q i /
(A7)

The ratio Ņ .Pi /=̧ .Q i / is minimized with the particular choice
Q i D I (Ref. 19). With this choice, Eq. (A7) reduces to

Ei ¸ 2"i [ Ņ .Pi /]
3
2 (A8)

Inside the dead zone, each PVi D 0 because PQwi D 0. In summary,
each Vi has the following properties:

1) Vi ¸ Ei > 0 and Vi is continuous at the boundary of dead
zone.

2) PVi < 0 outside the dead zone; PVi D 0 inside the dead zone.
This implies that kei .t/k2 and k Qwi .t/k2 are uniformly bounded.

For "i D 0 (no NN2 approximation error), the corresponding
dead zone de� ned by Eq. (A8) shrinks to zero. The system equa-
tions (21) and (22) become

Pei D Ai ei C b QwT
i ¯i .t; e; Qw/ (A9)

PQwi D ¡°i eT
i P0i b¯i .t ; e; Qw/; i D 1; 2; : : : ; n (A10)

The origin .e D 0; Qw D 0/ is an equilibrium point of the system
describedbyEqs. (A9)and (A10). The Lyapunovfunctioncandidate

V D
nX

i D 1

Vi D
nX

i D 1

µ
1

2
eT

i Pi ei C 1

2°i

QwT
i Qwi

¶
(A11)

has a time derivative PV , which when evaluated along the solution
of Eqs. (A9) and (A10) leads to

PV D
nX

i D 1

PVi D
nX

i D 1

³
¡ 1

2
eT

i ei

´
· 0 (A12)

Thus, from Eqs. (A11) and (A12) the equilibriumstate of the system
described by Eqs. (A9) and (A10) is uniformly stable (i.e., e; Qw 2
L1). The basis functions¯i are boundedwhen the input commands
.xc; Pxc; Rxc/ and Qwi are bounded, and it follows from Eq. (A9) that
Pei 2 L1 . Because

1

2

Z 1

t0

eT
i ei d¿ D ¡

Z 1

t0

PVi d¿ D Vi .t0/ ¡ Vi .1/ < 1

i D 1; 2; : : : ; n (A13)

we have ei 2 L2, that is, ei is square integrable. Because Pei 2 L1
and ei 2 L2 \ L1, it can be shown from Barbalat’s lemma20 that
ei .t/ ! 0 as t ! 1. Thus, for " D 0, the error system Eq. (21) is
asymptotically stable.

Proof of Theorem 2: The proof follows a similar line to that used
in Ref. 11. For the i th channel, let the trajectory of Eq. (21) be on
the boundary of the dead zone at t D t1 and t D t2, as shown in
Fig. 3. Then we have

Vi

¡
tC
1

¢
D Ei C .1=2°i /k Qwi .t1/k2

2 (A14)

Vi

¡
t¡
2

¢
D Ei C .1=2°i /k Qwi .t2/k2

2 (A15)

Let the error states be outside the dead zone for the open interval
.t1; t2/. If k Qwi .t1/k2 is � nite, the length of the interval .t1; t2/ must
be � nite because PVi · ¡´i < 0 and

t2 ¡ t1 ·
1

2°i ´i
k Qwi .t1/k2

2 < 1 (A16)

Because PVi < 0 outside the dead zone, the total time during which
adaptation takes place must be � nite. Thus, the number of intervals
like .t1; t2/ is � nite or the sequence of the time interval durations
converges to zero so that the total adaptation time is � nite. Further,
this implies that as t ! 1, ei .t/ lies inside the dead zone and
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Qwi .t/ ! a constant because from Eq. (22) PQwi D 0 inside the dead
zone.

From PVi < 0 outside the dead zone, it follows that

Vi

¡
t¡
2

¢
¡ Vi

¡
tC
1

¢
D .1=2°i /

¡
k Qwi .t2/k2

2 ¡ k Qwi .t1/k2
2

¢
< 0 (A17)

Hence, the norm of the estimation error decreases a � nite amount
every time the trajectory leaves and re-enters the dead zone.
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